I. INTRODUCTION

M
OMENTUM exchange devices such as reaction wheels and control moment gyroscopes (CMGs) form an important class of torque actuators for spacecraft attitude control. Unlike mass expul- sion devices which alter the total angular momentum of the spacecraft, momentum exchange devices operate by changing the distribution of the angular momentum inside the spacecraft. Momentum exchange devices typically consist of spinning rotors which exchange momentum with the rest of the spacecraft through mutual interaction torques that either change the speed of rotation as in reaction wheels, or change the orientation of the spin axis as in CMGs, or change both as in variable speed CMGs. CMGs are capable of producing significant torques and can handle large quantities of momentum over long periods of time. Consequently, CMGs are preferred in precision pointing applications and in momentum management of large, long-duration spacecraft. See, for instance, [1] .
A CMG comprises of a rapidly spinning rotor mounted on one or two gimbals, and is accordingly called a single gimbal CMG (SGCMG) or a double gimbal CMG. Fig. 1 below shows a schematic of a SGCMG. The rotor spins at a constant rate about the rotor axis which is fixed to the gimbal. The gimbal itself can be rotated about the gimbal axis which is fixed in the spacecraft frame. The angular momentum vector of the CMG rotor is a function of the gimbal angle , but has a constant magnitude that depends on the rotor speed and inertia. Any rotation of the gimbal causes a change in the angular momentum vector of the CMG, and gives rise to an equal and opposite change in the angular momentum of the spacecraft. The control torque acting on the spacecraft is thus equal and opposite to the rate of change _ of the CMG angular momentum, and depends on the constant magnitude of as well as the gimbal rotation rate _ . It is clear from the figure that the rotor angular momentum has a constant magnitude, and is constrained to rotate on a circle in a plane normal to the gimbal axis. Consequently, the rate of change of angular momentum _ at any instant is orthogonal to the angular momentum and the gimbal axis. Hence, a SGCMG cannot produce torques in all directions.
In order to obtain torques along three independent directions, as well as for redundancy, CMGs are used in arrays consisting of multiple CMGs. Unfortunately, every CMG array possesses singular configurations [2] . For each singular configuration, there exists a singular direction along which the CMG array is unable to produce torque. More precisely, the mapping from gimbal angle rates to output torque becomes singular at singular configurations [3] . Fig. 2 shows a singular configuration for a system of four CMGs arranged in a pyramid array. The arrows 1, 2, 3 and 4 represent the angular momentum vectors of the individual CMGs. Each of these vectors is constrained to rotate in the plane of the pyramid face containing it. The dashed-dotted lines are normal to the pyramid faces, and represent the gimbal axes of the four CMGs. In the CMG configuration shown in Fig. 2, 1 and 3 are in the XZ plane, while 2 and 4 are parallel to the X-axis. The gimbal rates _ 1 and _ 3 give rise to instantaneous angular momentum rates _ 1 and _ 2 along the Y -axis. Similarly, the gimbal rates _ 2 and _ 4 give rise to instantaneous angular momentum rates _ 2 and _ 4 in the Y Z plane. Thus, in the configuration shown, no combination of gimbal rates can produce a torque in the X-direction and hence, the configuration shown is a singular configuration with its singular direction along the X-axis. Detailed expositions on singularities in CMG arrays can be found in [2] , [4] , [5] .
The standard approach to attitude control using CMGs is to compute the torque required to achieve the desired spacecraft behavior, and then invert the kinematic map from gimbal angle rates to CMG torque to find the gimbal angle rates that produce the required torque. This approach overlooks the dynamical interaction between the spacecraft and the CMG array, and instead treats the CMG array in isolation as only a torque producing device. Consequently, this approach encounters difficulties near singular CMG configurations at which the kinematic map from gimbal angle rates to control torque becomes singular. A considerable amount of research related to CMGs has focused on steering algorithms to maneuver CMG arrays to produce desired torque profiles while avoiding singular configurations [3] , [6] - [10] .
While the ability to generate arbitrary torque profiles may be necessary for certain control objectives such as tracking reference attitude trajectories, it is not evident that control objectives such as attitude stabilization or steering the spacecraft to a desired terminal state require such an ability. In the case of objectives such as stabilization or steering, it may be more fruitful to apply system and control theoretic tools to the combined dynamics of the spacecraft and the CMG array rather than to view the CMG array as only a torque producing device. Given the significant amount of attention that the problem of singular configurations has received in the attitude control literature, it is of interest to know exactly which system theoretic properties are affected by the presence of singular configurations.
The purpose of this technical note is to investigate if the presence of singular configurations poses an obstruction to attitude controllability. More precisely, we analyze the controllability properties of the attitude dynamics of a spacecraft carrying an array of SGCMGs by treating the CMG gimbal rates as inputs. Attitude controllability under actuation by thrusters, reaction wheels or magnetic torquers has been studied previously [11] , [12] . However, due to the presence of singular configurations, the problem of attitude controllability using CMGs as actuators is very different from the problem of attitude controllability using thrusters, reaction wheels or magnetic torquers as actuators.
After introducing the necessary preliminaries in Section II, we review the attitude dynamics of a rigid spacecraft carrying a CMG array in Section III. The inertial components of the combined angular momentum of the spacecraft and the CMG array are constant. Thus the combined dynamics of the spacecraft-CMG system evolve on level sets of the angular momentum. In Section IV, we show that the dynamics are strongly accessible and controllable on every angular momentum level set. Thus the system can be steered between any two states having the same total inertial angular momentum. This result is independent of the number and arrangement of CMGs in the CMG array. However, the ability to steer the spacecraft to a desired terminal attitude and angular velocity depends on the nature of the angular momentum level set which, as we illustrate, is determined by properties of the CMG array. We give sufficient conditions on the momentum volume of the CMG array that guarantee the existence of gimbal motions that steer the spacecraft to a desired spin state or rest attitude for a given total inertial angular momentum. We provide an example to illustrate the results.
All our results hold in spite of the presence of singular configurations, indicating that the presence of singular configurations does not obstruct the ability to steer the spacecraft to desired rotational states subject to the constraint posed by angular momentum conservation.
II. PRELIMINARIES
The set SO(3) of 3 2 3 special orthogonal matrices is a three-dimensional Lie group. The Lie algebra so(3) of SO (3) is the set of 3 2 3 real skew-symmetric matrices with the matrix commutator as the bracket operation. We denote by 2 the usual cross product on (x + hf(x)) 0f (x + hg(x)) : (1) In the sequel, we will find it convenient to apply the formula (1) to vector fields defined on SO(3) 2 q , which can be viewed as an embedded submanifold of n for n = 9 + q. An alternative approach to computing Lie brackets on vector bundles over SO(3) is described in [14] , [15] .
III. ATTITUDE DYNAMICS
We describe the attitude of a rigid body using a matrix R 2 SO(3) such that the multiplication of the body components of a vector by R
gives the components of that vector with respect to a reference inertial frame. The attitude kinematics of the rigid body are then described by the equation
where !(t) 2 3 denotes the instantaneous body-frame components of the angular velocity of the spacecraft relative to the reference inertial frame. Next, we consider the dynamics of a rigid spacecraft that is equipped with an array of q > 0 SGCMGs. The instantaneous body components of the total angular momentum vector of the spacecraft with respect to an inertial observer are given by
where J 2 323 is the symmetric moment-of-inertia matrix of the spacecraft about the body-fixed frame, and : Assuming that no external torques act on the spacecraft, the equation representing the attitude dynamics of the spacecraft are given by the Euler's equations,
_ i (t) = u i (t); i= 1; 2; . . . ; q (6) where _ i is the gimbal rate of the ith CMG. In deriving (5), we have followed [3] - [10] and assumed that the moments of inertia of the CMG gimbals are negligible in comparison with those of the spacecraft, so that the matrix J does not depend on the gimbal angles. Equations (2), (5) and (6) represent a control system on the (6 + q)-dimensional
q with gimbal rates ui, i = 1; . . . ; q, as inputs. The terms in (5) involving the gimbal rates represent the control torque experienced by the spacecraft due to the gimbal motions of the CMG array. Note that this control torque is contained in spanf 0 1 ( 1 ); . . . ; 0 q ( q )g at every instant. Hence, at those instants at which the CMG array passes through a singular configuration, the control torque that can be generated is constrained to lie in a linear subspace of dimension less than three, and the system is momentarily underactuated.
The inertial components of the total angular momentum of the spacecraft give rise to a function P : SO(3) 2 3 q . It follows that the control system defined by (2), (5) and (6) is not controllable on the manifold
To investigate the controllability of the system (2), (5) and (6) On M , the attitude kinematics (2) reduce to
Equations (6) and (7) gi(R; ) = (0; ei) (10) where, for each i = 1; 2; . . . ; q, e i 2 q is the vector whose ith element is 1, the rest being zero. In order to apply standard controllability results such as those described in [16] , we assume that the vector of Note that, for a given 2 3 n f0g, the dynamics (8) are not invariant under the natural left action of SO(3) on SO(3) 2 3 . Hence results such as [17, Thm. 4.14], which uses reduction to deduce the controllability of a system with symmetry, do not apply.
IV. CONTROLLABILITY ANALYSIS
The reachable set of the system (8) from x 2 N at time T 0 is the set R(x; T) of all states that can be reached at time T by following solutions of (8) that start at x at t = 0. The reachable set of the system from x 2 N is simply the set [ T 0 R(x; T) of all states that can be reached by following solutions of (8) that start at x at t = 0. The system (8) is strongly accessible if R(x; T) has a nonempty interior in N for every x 2 N and every T > 0, and controllable if [ T 0 R(x; T) = N for every x 2 N . It is clear that, given 2 3 , the controllability of (8) implies that the set of states in SO (3)2 3 2 q that can be reached by following solutions of (2), (5) and (6) is M.
The following theorem, which is our main result, asserts strong accessibility and controllability of the system (8). While strong accessibility is shown using the standard Lie algebra rank condition, the proof of controllability uses the weak positive Poisson stability of the drift vector field, and is based on the results of [15] . A similar controllability analysis is presented in [12] , [17] for other applications. The proof of Theorem 4.1 depends on the following result on the Poisson stability of the uncontrolled system obtained by setting the gimbal rates to zero in (8) . The proof of the following result involves an explicit construction of a volume form which is preserved by the flow of the drift vector field of (8) We claim that the flow of h preserves the volume form , that is, the Lie derivative of along h is zero. (11) Since as well as the vector fields 1, 2, 3 are left invariant, it follows that S ( 1 (S); 2 (S); 3 (S)) = I ( 1 (I); 2 (I); 3 (I)) for every S 2 SO(3), where I is the identity matrix in SO (3) . The function p is thus a constant function, and hence the first term on the righthandside of (11) is zero.
To compute the last three terms on the righthandside of (11), we use (1) to compute 
The identity a T J 01 (J 01 b 2 J 01 c) = (det J 01 )a T (b 2 c), a; b; c 2 3 , can be used to show that J 01 (v i 2 (R)) = (det J 01 )(Jv i 2 J(R)), i = 1,2,3. Familiar properties of the cross product and the triple scalar product on 3 can now be used to show that the sums of the first three and the last three terms in (13) are both zero. Consequently, the righthandside of (11) Since 0 1 (1) is orthogonal to 1(1) while 00
1 (1) is directed along 01 (1), it follows that the vector fields 1, 2 and 3 are linearly independent at every point in N . Clearly, the control vector fields g1; . . . ; gq are mutually linearly independent as well as linearly independent from the vector fields 1 , 2 and 3 at every x 2 N. 2 q is M . In other words, the system described by (2), (5) and (6) can be steered between any two states lying on the same angular momentum level set by using suitable gimbal motions. It should be noted that this result is independent of the number and arrangement of CMGs in the CMG array. It is also worth emphasizing that, as in the case of typical controllability results, the proof of Theorem 4.1 is only existential and not constructive. While Theorem 4.1 guarantees the existence of gimbal motions that steer the system (2), (5), (6) between two arbitrarily specified states lying on an angular momentum level set, the proof does not provide an explicit construction of such gimbal motions. Practical applications involve steering the spacecraft to a desired combination of attitude and angular velocity, while the corresponding terminal CMG configuration is not specified. For instance, typical applications could require maneuvering the spacecraft to a desired arbitrary rest attitude, or to a state such that the spacecraft spins about a desired body-fixed axis which also coincides with a desired inertial direction. Such maneuvers are possible only if the angular momentum level set containing the initial state contains a "rich" supply of states in SO(3) 2 3 2 q that project onto the desired combinations of terminal attitudes and angular velocities in SO(3) 2 3 . In other words, while the system is guaranteed to be controllable on every angular momentum level set irrespective of the nature of the CMG array, our ability to maneuver the spacecraft to practically useful states depends on the structure of the angular momentum level set, which depends on the CMG array. As an illustration, note that since (1) is periodic in each i , the momentum volume V is compact. Consequently, maxfk()k : 2 q g is well defined, and represents the maximum possible magnitude of the angular momentum that can be stored in the CMG array. On the other hand, (7) implies that, if (R; ) 2 SO(3)2 q is a rest state of (8) , then R T = (). In particular, k()k = kk. Thus, if kk > maxfk()k : 2 q g, then (8) , and hence M , admits no rest states. 1 In this case, even though the system comprising the spacecraft and the CMG array can be steered to arbitrary combinations of spacecraft attitude and CMG configuration on M , the spacecraft cannot be steered to a state of rest.
Our next result gives a sufficient condition on the CMG array for a given angular momentum level set to contain all states in which the spacecraft is instantaneously spinning about a given body-fixed axis at a given spin rate. The condition on the CMG array is stated in terms of its momentum volume. The previous result gives sufficient conditions under which the spacecraft can be maneuvered to a state of spin about a desired instantaneous body-fixed axis that is also oriented along a desired inertial direction. It should be noted, however, that Proposition 4.3 does not assert that such a spin state can be maintained for any length of time. In order to sustain spinning motion at a spin rate about a unit vector having body components 2 S 2 , the angular momentum of the CMG array must vary with time in a periodic fashion given by t 7 ! exp (0tS()) R T (0) 0 J (14) where exp : so(3) ! SO(3) is the matrix exponential and 2 3
gives the constant inertial components of the total angular momentum. While the hypotheses of Proposition 4.3 guarantee that the righthandside of (14) is contained in the momentum volume V at every instant, it is not clear if there always exist smooth gimbal motions that give rise to the time variation (14) required to sustain the spinning motion in the case where 6 = 0. The proof of Proposition 4.3 also shows that the final CMG configuration is related to the desired spin state, and cannot be chosen arbitrarily.
The next result specializes Proposition 4.3 to the case where the spacecraft has to be maneuvered to come to rest in a desired attitude.
Proposition 4.4:
Suppose 2 3 is such that V contains a sphere of radius kk centered at the origin. Then, for every desired attitude, every state in M can be steered to a state in which the spacecraft is at rest in the desired attitude.
Proof: Under the hypotheses, it follows that R T 2 V for every R 2 SO(3) , that is, there exists 2 q such that R T 0 () = 0. It now follows that, for every R 2 SO(3), there exists 2 q such that (R; 0; ) 2 M. The result now follows from the assertion of controllability in Theorem 4.1.
The following example illustrates the results and ideas discussed above for an array of three CMGs. Proposition 4.4 now implies that, in spite of the presence of singular CMG configurations, the spacecraft can be steered to come to rest in any desired attitude starting from any arbitrary initial condition in which the total angular momentum of the spacecraft and the CMG array has a magnitude not exceeding unity.
V. CONCLUSION
We have shown that, irrespective of the number and arrangement of CMGs, it is possible to steer the combined system comprising a spacecraft and an array of CMGs between arbitrary states having the same total inertial angular momentum. However, the ability to steer the spacecraft to a desired terminal combination of attitude and angular velocity for a given total angular momentum depends on the CMG array. We have given sufficient conditions on the CMG array under which it is possible to steer the spacecraft to a desired spin state or rest attitude for a given total inertial angular momentum. Our results hold in spite of the fact that every CMG array possesses singular configurations, indicating that the presence of singular configurations does not pose an obstruction to attitude controllability. It remains an open problem to determine whether singular configurations pose an obstruction to other system theoretic properties such as stabilizability and small time local controllability.
